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Abstract

In aided inertial navigation, measurements from different sensors are often subject to unknown
relative time delays. Consider a single aiding sensor whose measurements have an unknown but
constant delay relative to the inertial-measurement data stream. We study the identifiability of
the delay and the initial navigation state parameterizing the trajectory. Identifiability depends
on both the temporal structure of the aiding measurements and the form of the trajectory. Using
the special Galilean group, we determine the minimal number and type of aiding measurements
needed to recover the delay and the navigation state. We also characterize a class of uninforma-
tive trajectories, for which the delayed measurement model admits a continuous symmetry that
prevents unique delay-and-state recovery. We show that each such trajectory is generated by a
constant element of the Galilean Lie algebra, and connect this result to the familiar linearized,
Jacobian-based analysis.

1 Introduction

An aided inertial navigation system (INS) fuses inertial measurements with data from additional sensors to
estimate the state of a moving vehicle, typically including its position, orientation, and velocity. The inertial
measurement unit (IMU) provides high-rate signals that drive the process model, while lower-rate aiding
sensors, such as GNSS receivers, supply observations that correct drift to maintain bounded estimation error
over longer time horizons.

In practice, measurements from different sensors are often subject to relative delays. These delays arise
from sensing, processing, and communication latencies, and are commonly modelled as constant but unknown
[11, [2]. If not accounted for in the estimator, they can degrade accuracy and, in adverse cases, lead to
divergence of the navigation solution. For a single aiding sensor, the estimation problem therefore involves
recovering both the unknown delay and the navigation state from delayed measurements.

Some existing approaches estimate the measurement delay by adding it to the estimator state vector and
applying a standard filtering algorithm, such as the extended Kalman filter (EKF). However, these formulations



STARS-2026-001 Rev. 1.10

are often adopted without first establishing whether the augmented system is identifiable (or observable).
There is an implicit assumption that isolated delayed measurements provide enough information to recover
the unknowns. Our prior work [3] showed that such augmented-state recursive filters have fundamental
structural issues that lead to inconsistent estimates and poorer performance.

In this report, we study the identifiability of aided inertial navigation under measurement time delays.
Prior work on excitation requirements for aided navigation with delayed sensor measurements [4], [5] is
tangentially related: it treats a different measurement model and identifies specific problematic cases through
a linearized analysis. Our focus is different, and more general: we seek to determine the minimal sets of
measurements required for identifiability, and to characterize the classes of motion for which the delay and
initial navigation state can, or cannot, be uniquely recovered. We show that delayed aided navigation is
identifiable only when the available measurements over time are sufficiently informative to constrain both the
delay and the state. The analysis is formulated on the special Galilean group, which provides an appropriate
state-space framework. We first analyze the one-dimensional case, where the geometry of the problem is
easiest to see, and then extend the analysis to the three-dimensional setting.

A central contribution of this report is to show that the delayed measurement model admits a continuous
symmetry, in which changes to the delay can be compensated by changes to the initial navigation state without
altering the measurement history. This symmetry defines a class of uninformative trajectories for which the
delay and initial state cannot be uniquely recovered. We characterize this class geometrically, in terms of
the Galilean Lie algebra, and connect the exact nonlinear results to the familiar Jacobian-based local tests.
Related ideas appear in the symmetry-based observability analysis developed by Martinelli for non-delayed
systems [6], but our approach is built around delayed measurement histories.

The remainder of the report is organized as follows. We begin with some preliminaries in Section 2.
In Section 3, we introduce the one-dimensional special Galilean group SGal(1); identifiability on SGal(1) is
analyzed in Section 4. We then consider the three-dimensional special Galilean group SGal(3) in Section 5
and extend our analysis to the full delayed aided-navigation problem in Section 6. We conclude in Section 7
with a summary of our results.

2 Preliminaries

To begin, we establish a small amount of notation and the main concepts used throughout the report. Lower-
case Latin and Greek letters (e.g., a and a) denote scalars, while boldface lower- and uppercase Latin letters
(e.g., x and X) denote vectors and matrices, respectively. We write the n x n identity matrix as I,, and the
m x n matrix of zeros as 0,,x,; when the dimensions are clear from context, we often omit the subscripts.
Additional notation is introduced as needed.

2.1 Identifiability and Observability

The main question in this report is whether an unknown delay and other relevant unknown parameters can be
uniquely determined, or identified, from discrete output measurements over a finite interval. The parameters
typically include the initial navigation state (position, velocity, and orientation) and in some cases bias terms.

The topic of identifiability is closely related to observability. Roughly speaking, observability concerns
recovery of a time-varying state from measured outputs, whereas identifiability concerns recovery of unknown
but fixed parameters. In our setting, the two viewpoints are closely connected: we assume the input history
is known, so the delay and initial navigation state can be treated together as parameters to be inferred from
measurements. For this reason, we primarily use the language of identifiability; see, for example, [7] for
more details. We refer to the initial navigation state as the initial condition in the sequel.

Several practical points are worth stating at the outset. First, we study the noise-free problem, as is typ-
ical in the identifiability literature. Second, although the delay may take any real value, in practice we are
interested in causal delays. Third, the input and state history must be retained long enough for the delayed
outputs to depend on a portion of the stored history. This basic overlap requirement, and its role in making
the estimation problem well posed, was made explicit in our prior work [3].
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We now formalize the notion of local identifiability used throughout the report. Consider a nonlinear
control system of the form '
X(t) = f(X(t),u(t),0), X(0)=Xo€eM,

Y(t) = h(X(t - 7), T), t>r,

where M is an m-dimensional smooth manifold, X(¢) € M is the state, u(t) € & C R? is a known control
input, and 8 € © C R? is a vector of additional unknown parameters. The map f: M xU x © - TMisa
smooth vector field, with f(X, u, 8) € Tx M. The output Y (¢) € A lies on an ¢-dimensional smooth manifold
N, the map h : M x R>¢ — N is smooth, and 7 > 0 is an unknown constant delay.

We collect all the unknowns into a tuple,

(1)

Xé (X01 T, 0) GP,

where X, = X(0) is the initial condition and P is the admissible parameter space. We use x € R for a
local-coordinate vector corresponding to X', with d =m + 1+ q.

We assume the system trajectory is defined for all ¢ > 0, while measurements are collected over a finite
observation window. For identifiability, output histories should be compared on an interval that is valid for
every admissible delay. Let 7, be an upper bound on the admissible delays. We restrict attention to observation
intervals beginning no earlier than 7,, so that the delayed state is well defined for every such delay. Local
identifiability is then determined by whether distinct parameter values can produce the same output history
(i.e., measurements) over that interval.

Let [ts, ts + T] be such an observation interval, with ¢, > 7,. For a fixed known input history sufficient
to propagate the state from the initial time to ¢; + 7', each parameter tuple X € P determines an output
history over [ts, ts + T]. Changing 7 shifts where along the trajectory the state is evaluated, making delay
identifiability a trajectory-dependent problem.

Definition 2.1 (Indistinguishability). Let T C [ts, ts + T] be a set of observation times. The parameter
tuples X°, X* € P are said to be indistinguishable on T if, for the same known input history, they produce
identical outputs at every time in 7. The corresponding delayed states may occur at different times along the
trajectory, since the delays in X° and X need not be equal. Otherwise, the parameter tuples are said to be
distinguishable on T.

Definition 2.2 (Local identifiability). A parameter tuple X™* € P is locally identifiable on a set of observation
times 7 C [ts, ts + T if there exists a neighbourhood V of X* such that X* is distinguishable on 7 from
every X € V with X # X*. Equivalently, any X € V that produces the same outputs as X* at every time in
T must satisfy

X =X".

This local concept is the one used throughout the report. It is weaker than global identifiability, which
would require uniqueness over the entire parameter space, but it is the usual notion for local estimation and
linearization-based analyses [8], [9].

A standard local test is obtained by linearizing the map from the unknown parameters to the outputs at a
finite set of measurement times in (¢, ¢+ 7. If the corresponding Jacobian has full column rank at X*, then
the parameter-to-output map is locally injective, and local identifiability follows. Conversely, if the Jacobian
is rank deficient, then there exist infinitesimal perturbation directions that leave the outputs unchanged to
first order. This does not, by itself, prove full nonlinear unidentifiability, but it does indicate a loss of local
information and motivates the nullspace analysis carried out later on.

2.2 Continuous Symmetries

A central idea in our analysis is that unidentifiability can arise from symmetry. Here, a symmetry is a trans-
formation of the parameters that leaves the outputs unchanged. When such a transformation exists, distinct
parameter values produce the same measurement(s), so the unknowns cannot be uniquely determined.

The most important case for our purposes is a continuous symmetry. This occurs when the delay and initial
condition can be varied together without changing the outputs over the observation window. Geometrically,
the true parameters are then not isolated in parameter space, but lie on a local family of indistinguishable
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solutions. Related ideas appear in nonlinear observability, including Martinelli’s treatment of continuous
symmetries for non-delayed systems [6]. The setting considered here is similar, but temporal: the relevant
symmetries act on delayed measurement histories over an interval, rather than on measurements at a single
instant. We first give a trajectory-level result, which will be useful later when the symmetry holds over the
entire observation window.

Theorem 2.3 (Symmetry implies unidentifiability). Let X* € P. Suppose there exists ¢ > 0 and a smooth
one-parameter family of transformations S, : P — P, a € (—¢,¢), such that So(X) = X for all X in a
neighbourhood of X*. Suppose further that, for every a € (—¢,¢), the parameter tuples X* and S, (X*) are
indistinguishable on [ts, ts + T). If So(X™) #£ X for all o € (—e¢,¢€) \ {0}, then X™* is not locally identifiable on
[ts, ts + T).

Proof. For every a € (—¢,¢), the tuples X* and S, (X™) are indistinguishable on [¢,, ¢ + 7. By continuity,
So(X*) = X* as a — 0, so every neighbourhood of X* contains some S, (X*) # X producing the same
output history. Hence the parameter-to-output map is not locally injective at X*, and X™* is not locally
identifiable. O

In typical aided navigation systems, measurements are available only at discrete times. The following
corollary gives the corresponding result for a finite measurement set.

Corollary 2.4 (Discrete-measurement symmetry implies unidentifiability). Let X* € P, and let t1,...,t,
denote the measurement times. Suppose there exists ¢ > 0 and a smooth one-parameter family of transformations
Sy : P = P, a € (—¢,e¢), such that So(X) = X for all X in a neighbourhood of X*. Suppose further that, for
every a € (—e,¢), the parameter tuples X* and S, (X™*) are indistinguishable on {t1,...,t,}. If So(X*) # X~
forall a € (—¢,€) \ {0}, then X* is not locally identifiable from the discrete measurements.

Proof. The proof is identical to that of Theorem 2.3, with the output history replaced by the finite collection
of outputs at {t1,...,tn}- O

The relevant symmetry arises when a time shift along the trajectory can be absorbed into a corresponding
change in the initial condition. Different delay-initial-condition pairs then produce the same measurement
history, and the delay is not identifiable. Below, we use two complementary tools:

1. exact nonlinear symmetries of the measurement map, which imply true unidentifiability; and

2. infinitesimal symmetry directions, obtained from the nullspace of the Jacobian, which characterize local
loss of information.

The first proves directly that certain trajectories or measurement configurations are uninformative, while the
second gives a standard local test, with a corresponding rank deficiency in the linearized measurement model.

3 The Galilean Group SGal(1)

We begin with the simplest Galilean group structure, SGal(1), to make the symmetry argument easier to
see. In one spatial dimension, the only proper rotation is the identity. Consequently, SGal(1) consists only
of Galilean boosts, spatial translations, and time translations. Elements of the group can be written as 3 x 3
matrices,

1 v r
SGal(1) 2{X= |0 1 n| €eR¥>3|v,r,neRy, 2
0 0 1

where v € R is the velocity (boost), » € R is the spatial translation, and n € R is the time translation. The
group operation is matrix multiplication. The inverse of X is

1 —v vp—r
X1'=10 1 - |,
0 0 1
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such that XX ! = 1.
A group element may be interpreted as a transformation between inertial frames related by constant
relative motion, and acts on spacetime coordinates (z,t) according to

(2,t) = (x +vt+r, t+0n).

. . T . . .
Using homogeneous coordinates [z ¢ 1], this action can be written as

T T 1 v r||x
tl = X[t =10 1 n||t].
1 1 0 0 1|1
For two group elements
1 v1 m 1 vy 1o
X1 =10 1 mi, X.2 =10 1 21,
0 0 1 0 0 1

their composition is
]. V1 +'U2 71 +’I’2 +’l)1’l72
X1X2 = |0 1 m + 72
0 0 1

The term vy, reflects the coupling between boosts and time translations.

3.1 The Lie Algebra sgal(1)

The Lie algebra sgal(1) consists of matrices of the form
0 v p

sgal()2{E=10 0 | eR¥>*3 |y, p,reR. 3)
0 0 0

The scalars v, p, and ¢ are the boost, spatial-translation, and time-translation components of a tangent vector
at the identity. A natural basis for sgal(1) is given by

1 0 00

o], K=1[0 0 1|. 4
0 0 0 O

The Lie bracket is defined by the matrix commutator, and the only nontrivial relation is

B,K|]=P, [B,P]=0, [K,P]=0.

We introduce the wedge operator (-)" as a mapping R® — sgal(1),

A

p 0 v p
& =1lvl 210 0 «f, (5)
L 000

where ¢ =[p v L]T € R3. The corresponding vee operator (-)" is defined by

¢ =

[1]

— EY=¢
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3.2 The Exponential Map

Having defined the Lie algebra sgal(1), we now give the exponential map from sgal(1) to SGal(1). Let & =
b v L]T € R3. The exponential map is defined by the matrix exponential,

exp(¢") = 2

| =

()"

3

. 3 . . 1
Since (EA) = 0, the series truncates after the quadratic term, yielding

+ 71
p VL
2. (6)

1
exp(§") = o .
0

(eI AN

The term v arises from the noncommutativity of boosts and time translations, as reflected in the Lie bracket
[B,K] =P.

4 Back to Basics: An Analysis on SGal(1)

We begin by examining a simplified one-dimensional model that captures the structure of the identifiability
problem. Our aim is to establish a common approach for analyzing identifiability under different measurement
sequences. We proceed in two stages. First, we study the constraints induced by different measurement
combinations. The constraint-based analysis gives the excitation conditions a trajectory must satisfy for the
delay and initial condition to be identifiable, while also characterizing which changes in the delay and initial
condition leave the measurement history unchanged. We then revisit the same cases using the standard
Jacobian-based approach, determining local identifiability from the rank of the measurement Jacobian.

We write continuous-time quantities as functions of time, such as X(¢), r(¢), and v(t). Subscripts denote
evaluation at discrete time instants, so that X;, = X(t), 7« = r(t), and vx = v(t3), where k is an index
variable.

4.1 A Simple Aided Inertial Navigation System

Consider a one-dimensional aided INS driven by the acceleration input a(t), with gravity neglected to keep
the model as simple as possible. Without loss of generality, we take the initial time to be ¢ = 0, consistent
with the general delayed system in (1). We represent the navigation state on SGal(1) in matrix form as

1 o) r()
Xt =0 1 t |, (7)
0 0 1

where 7(t) € R is the position and v(¢) € R is the velocity of the vehicle (navigation) frame relative to a fixed
inertial reference frame.! Thus, X () is a time-parameterized curve on SGal(1). The initial condition is

1 Vo To
Xo= [0 1 0] eSGal(1), (8)
0 0 1

where 7o = r(0) and vy = v(0) are unknown. Since the initial time is ¢ = 0, X, lies in the isochronous
subgroup of SGal(1), whose elements have zero time component [10], [11]. That is, the navigation-frame
and inertial-frame clocks share a common origin.

The continuous-time kinematics are

o(t) = aft), 7(t) = v(t), 9

1To avoid clutter, we omit the frame identifiers throughout.
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where the input a(t) is assumed known. Define the integrated input quantities?

t t t
o(t) & / a(u)du, F(t) = / O(u)du = / (t — u)a(u)du.
0 0 0
The solution of (9) is then
v(t) = v +0(t), 7(t) =710+ vot+ F(t).
Equivalently, the state trajectory may be written in group form as
X(t) = Xo®(t),

where the state-transition matrix ®(t) is

1 o) 7(¢)
®(t)=10 1 t | € SGal(1). (10)
0 O 1
Aiding measurements arrive at discrete times ¢, for k = 1,...,n. A measurement received at time ¢, is

of the navigation state at the earlier time ¢;, — 7, where 7 is the unknown constant delay. Because time is a
coordinate of the Galilean group element, time shifts can be expressed by the time-translation generator

T
£,5 [012 1] €R®. (11)
With our ordering of the Lie algebra coordinates, £, has only a time component. Let

T(3) £ exp(BE)) (12)

denote the corresponding time translation, where ¢/, = K from (4). Under left multiplication, T(3) shifts the
group time coordinate by  while leaving the other components unchanged; this is the operation used below.
The most informative measurement is of the full delayed navigation state (i.e., position and velocity). The
position and velocity are recorded at the delayed time ¢, — 7, but the measurement does not arrive until time
ti. Aleft time translation T(7) advances the group time coordinate from ¢, — 7 to ¢; we therefore define

1 Y)(tk—’r) T(tk—’r)
YkéT(T)X(tka):T(T)X()@(tk*T): 0 1 tk
0 0 1

kE=1,...,n. (13)

The left translation acts on the measurement time only, so the initial condition X, retains the zero time
coordinate and remains in the isochronous subgroup.

For the linearized analysis later, we will need to differentiate only the position and velocity components of
the measurement with respect to the unknowns. We therefore define 7 : SGal(1) — R? to extract the position
and velocity entries of a group element,

_ a [r(te —7)
Y = m(Yy) = [U(tk _ 7_):| . (14)
The unknown parameters are the initial condition (rg,vy) and the delay 7, while the functions ¥(-) and #(-)
are fully determined by the known input history. The model (13) allows us to treat a range of measurement
cases in a unified way. In the next section, we consider delayed observations consisting of the full state and
of position only. The central question is always the same: given a finite number of measurements, can the
unknown delay 7 and the unknown initial condition (r, vo) be uniquely determined?

4.2 Identifiability

Next, we explore how the choice and number of measurements affect the identifiability of the delay and the
initial condition. We proceed incrementally, beginning with a single measurement and extending to multiple
measurements over time. Throughout, we assume that each measurement time ¢ is large enough, relative
to the candidate delays under consideration, that the delayed evaluation time ¢, — 7 lies within the available
trajectory history.

2We use (%) to indicate a quantity obtained by integrating the known input history.
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4.2.1 A Single Full-State Measurement

With a single measurement of position and velocity (i.e., a ‘full-state’ measurement in the one-dimensional
setting) at a time ¢4,
Yl = T(T)X()@(tl — T),

the unknown initial condition cannot be eliminated. In fact, for any admissible alternative delay 7 define
XO = T(T - f)Xo@(tl — T)‘I’(tl - f)_l
such that B
Y, = T(?)Xo‘ﬁ(tl - 77').

That is, the same observation may be explained by different values of = together with corresponding changes
in the initial condition. The delay and initial condition are therefore jointly unidentifiable from a single full-
state measurement. In this case, the transformation of (X, 7) above satisfies the conditions of Corollary 2.4
and defines a continuous symmetry of the measurement model: with « = 7 — 7, it is a smooth one-parameter
family fixing the true parameters at o = 0.

4.2.2 Two Full-State Measurements

Given two full-state measurements at times ¢; and ¢,
Y =T(")Xe®(t1 —7), Y2=T(1)Xe®(t2 — 7),
the unknown initial condition can be eliminated. In particular,
Y'Yy =@t — 1) ®(ty — 7).

That is, the measurements induce a constraint on the delay 7 that is independent of X,. Accordingly, identi-
fiability of the delay is governed by the injectivity of the map

T Bt — 7)1 B(ty — 7).

If this map is locally injective in a neighbourhood of the true delay, then two delayed full-state measurements
are sufficient to identify the delay, and hence the initial condition. Consequently, identifiability depends on
the properties of the trajectory ®(t).

For SGal(1), this condition can be expressed explicitly in terms of the kinematic variables. Two delayed
velocity measurements satisfy

U1:U0—|—’lv)(t1—7)7 U2:U0+1u)(t2—7').

Subtracting eliminates vy to yield
Vo — U1 217(7,‘2—7')—17@1—7').

Hence, the delay is constrained by the integrated input ©(¢). One sufficient condition for local identifiability
is that the scalar map
T O(te —7) —0(t1 — 7)

is locally injective at the true delay. A convenient local test is obtained by differentiation:

d . y

E(’U(tz —7)=0(t1 — 7)) =a(ty — 7) —alt — 7).

A nonzero derivative is sufficient for local injectivity. Therefore, the delay is locally identifiable given two
delayed measurements whenever

a(tyo — 1) £ a(ty — 7). (15)

The delay and the initial velocity are determined from the velocity measurements alone. Once these are
known, a single position measurement is sufficient to recover the initial position.
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4.2.3 Two Position Measurements

What if only position measurements are available, as is often the case in practice? If two position measure-
ments are available, then

’f‘k;:T(tk—’r):T‘o-i-(tk—T)Uo-‘r?%(tk—T), k=1,2.
Subtracting eliminates 7y but not vy,
ro — 71 = (ﬁg—tl)vo—‘r?\“‘(tg—T)—?\:(ﬁl —T).

The result is a single scalar constraint in the two unknowns vy and 7. Since the coefficient of vg is to — t; # 0,
the constraint determines vy as a smooth function of 7. Two delayed position-only measurements are therefore
insufficient to uniquely determine the delay and the initial condition.

4.2.4 Three or More Position Measurements
Consider three position measurements taken at times ¢y, to, t3, with
?"k:To-l-(tk—T)'Uo—ﬁ-Tu'(tk—T), k:1,2,3.
Differencing eliminates rq,
Tj —Tr; = (tj 7ti)’l}0+7z(tj 77’) 77\"/(&'77'),

and eliminating vy between any two equations yields a scalar constraint on 7. Define

1,[)(7') é (tg 7t2)(T'2 -7 772(t2 77’) +72(t1 77’))

— (tQ —tl)(T3 — T2 —’F(tg —’7') +7\1(t2 —’7')).

The delay 7 must satisfy ¢)(7) = 0, and identifiability reduces to whether this equation has a locally unique
solution. A convenient local test is again obtained by differentiation. Using #(¢) = 4(t),

dip(7)
dr

= (tg — tz)('lj(tg — 7') — ’lu)(tl — 7')) - (tQ - tl)('lj(tg — T) - ’lu}(tg — ’T)) (16)

Local identifiability holds whenever di/dr # 0. Therefore, three position measurements generically suffice
to determine the delay under sufficiently exciting input histories.

The condition (16) depends explicitly on the trajectory through the integrated input ©(-). In particulay, it
requires that the increments of ¥(-) over successive intervals not be proportional to the corresponding time
differences. Additional measurements provide independent constraints on 7. With more measurements, these
constraints tend to enlarge the region over which identifiability holds. However, identifiability still depends
on the trajectory, and no finite number of measurements guarantees identifiability for all possible motions.

4.3 Measurement Jacobians and Nullspace Structure

We now revisit identifiability of the SGal(1) system from a complementary, linearization-based perspective,
examining the Jacobian of the measurement function with respect to the unknown parameters. Local iden-
tifiability is characterized by its rank and nullspace. We follow the same sequence as in Section 4.2 (i.e., a
single measurement, two measurements, etc.).

In this section, we use a parameter vector representation of the initial condition and delay (rather than
the group-based representation). The parameter vector is

x i [’1"0 Vo T}T. a7
Recall that the delayed full-state measurement at time ¢, in the vector form of (14) is

ro+ (tx — 7)vo + 7tk — 7)

Ve = vo + Bty — )

9
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4.3.1 A Single Full-State Measurement

Consider a single full-state measurement at time ¢;. The Jacobian of the measurement function with respect
to x is®

_%_ 1 th—T 7(’004’17@177’))
_aX 0 1 —a(tl—T) :

a"™ (18)

Since H!™) € R2*3, it cannot have full column rank, and the parameters are not jointly identifiable. To
characterize the nullspace, consider a perturbation 6x £ [dr¢ duvg 5T]T satisfying H(f”)éx = 055;. Then

6ro + (t1 — 7)6vg — (vo + 0(ty — 7)) 67 =0, dvo — a(ty — 7)67 = 0.
Hence,
Svg = a(ty — )07, brg = (vo + ¥(ty — 7) — (t1 — T)a(ty — 7)) 6T,
so the nullspace is one-dimensional,
vo+ (1 —7) = (t1 —T)alty — 7)

ker(Hgm)) = span a(ty — ) . (19)
1

This direction corresponds to the symmetry described in Section 4.2.1: a change in delay can be compensated
by a corresponding change in the initial condition, leaving the measurement unchanged to first order.

4.3.2 Two Full-State Measurements

For two full-state measurements at times ¢; and ¢, the stacked Jacobian is

ngv)
(rv) |?

B - [
2

which has full column rank whenever
a(tyo — 1) £ a(ty — 7).

Therefore, two delayed full-state measurements are sufficient for local identifiability when the accelerations
at the two delayed measurement times are unequal. This is the same conclusion reached by (15).

4.3.3 Two Position Measurements
If only two position measurements are available, the stacked Jacobian is

1 tl—T —(’Uo-l-’lv](tl—’r))

H{) = :
1:2 1 tQ — T 7(’00 +’lv)(t2 77’))

(20)

This matrix cannot have full column rank; two delayed position measurements are therefore insufficient for

local identifiability. To characterize the nullspace, consider a perturbation éx satisfying HY% 0xX = Oax1.
Subtracting the two rows yields

(tQ — t1)51)0 — (’lu)(tz - T) - é(tl - ’7'))57' = 07

and define 5 5
s O(ta — 1) —0(t1 — )
K t — 1 '
Then
dvg = YIT,

3Superscripts in parentheses denote measured quantities (e.g., (rv) for position and velocity, respectively), while subscripts indicate
measurement times (e.g., 1:3 for time indices 1 through 3 inclusive).

10
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and substitution into the first row gives
57"0 = (’Uo‘i’f](tl 77’) — (tl 77’)"}/)57'
Hence, the nullspace is one-dimensional,

) ’U0+1v](t1—7')—(t1—7')’}/
ker (H(f%) = span v . (21)
1

As in (19), this null direction is again an instance of the symmetry from Section 4.2.2. Here, the required
change in initial velocity is governed by the slope + rather than by the instantaneous acceleration at a single
time. With only position measurements, the data constrain the average acceleration over the measurement
interval, but do not uniquely determine when along the trajectory the measurements were taken.

4.3.4 Three or More Position Measurements

Consider three position measurements taken at times ¢y, t2, and ¢3. The stacked Jacobian is

1 tl—T —(v0+17(t1—7))
H) = [1 to—7 —(vo+d(ts—7))]. (22)
1 ts—71 —(Uo + 0(ts —7'))

A sufficient condition for local identifiability is that the Jacobian has full rank. Since ngg € R3*3, the rank
may be checked by evaluating its determinant. Subtracting the first row from the second and third rows gives

1 tlf’r 7(1)04’17(15177’))
det(Hﬁ;) —det[ [0 to—t; —(i(ta—7) —i(ts — 7))
0 t3—t1 —(’f)(t;g—T)—luJ(tl—T))

Hence,
det(Hgfg) = (ts —t1) (0(ta — 7) — 0(t1 — 7)) — (t2 — t1) (0(t3 — 7) = ¥(t1 — 7)).

Therefore, three delayed position measurements are locally sufficient for identifiability whenever
(tg - tl)(’lv](tg - T) — 'lv}(tl - T)) 75 (t2 — tl)(’lu)(tg — 7') — ’D(tl — ’T))

Equivalently, local identifiability may fail when the average accelerations over the intervals [t; — 7, t — 7] and
[t1 — 7, ts — 7] coincide. Additional position measurements may be incorporated by stacking more rows, but
three measurements are the minimum required for the position-only Jacobian to be full rank.

4.4 Uninformative Trajectories

Identifiability of the delay (and the initial condition) depends not only on the number of measurements,
but also on whether the input is sufficiently exciting. There exist trajectories for which the delay and initial
condition cannot be uniquely determined, regardless of the number or type of measurements. We refer to
these trajectories as uninformative.*

Constant-acceleration motion provides a standard example of an uninformative trajectory, and is in fact
the only case for which loss of identifiability holds for all measurement times. Suppose a(t) = ao, so that

1
b(t) = apt, F(t) = §a0t2. (23)

4These trajectories are sometimes referred to as degenerate in the literature. We use the term uninformative to emphasize that the loss
of identifiability arises from insufficient excitation of the input, rather than any defect in the trajectory itself.
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In this case, the state-transition matrix ®(¢) is generated by the exponential map of a fixed Lie algebra element.
Because ®(0) = I3 and #(0) = #(0) = 0, the generator is not arbitrary; it must match the zero initial conditions
built into ®(¢). Specifically,

0 ao 0
®(t) =exp(t€l)), € =10 0 1f. (24)
0 0 0

More generally, replacing £/ by a different constant Lie algebra element would only add a constant-velocity
contribution that can be absorbed into the initial condition. The restriction comes from the choice that ®(0) =
I3 and does not affect the symmetry argument below. It follows that

Dty —7)®(tp — 7)) = exp((F — 7)€", (25)

which is independent of .
Returning to the measurement model, the same transformation used in the single-measurement analysis
therefore applies simultaneously to all measurements. Define

Xg = T(T — f)Xo‘I’(i’ - 7')7
so that, for all measurement times ¢;,,
Y. =T(nXe®(t, —7) = T(7)Xo®(t), — 7).

The entire measurement set can therefore be explained by a different value of  together with a corresponding
change in the initial condition. To connect this with Section 2.2, recall that the unknown parameter vector is

x4 [7"0 Vo T}T.

For each o € (—¢, €) with € > 0 sufficiently small, define a transformation S,, on these parameters by”
L 9
Sa : (ro,v0,7) r0+v0a+§a0a L,V + aga, T+ a ). (26)

Under constant-acceleration motion, the parameter tuples & and S, (X)) generate the same measurement his-
tory. This family therefore satisfies the conditions of Corollary 2.4 (and also Theorem 2.3), so the parameters
are not locally identifiable.

The symmetry is also reflected in the Jacobian-based analysis as a loss of rank. The rank conditions for
both full-state and position-only measurements fail under constant acceleration, since a(t) is identical at all
delayed measurement times and ¥(t) is affine. More generally, identifiability fails whenever the trajectory is
locally indistinguishable from constant-acceleration motion at the delayed measurement times.

We revisit this example in Section 6.4 when we extend the analysis of uninformative trajectories to SGal(3).
The key point is that symmetry is exactly what leads to unidentifiability: when a shift in the delay can be
absorbed into the initial condition, the measurements no longer uniquely determine the parameters.

5 The Galilean Group SGal(3)

The special Galilean group SGal(3) is a ten-dimensional Lie group. We include just enough background on
SGal(3) for our purposes; more details are available in [11] and [13]. The group describes transformations
between inertial frames undergoing constant relative motion, and combines rotations, Galilean boosts, and
spacetime translations. Elements of SGal(3) can be written as 5 x 5 matrices,

C v r
SGal(3) £ {X={0 1 n| €R> | CecSOB),veR} rcR3 necky. (29)
0 0 1

5The Lie bracket relation [B, K] = P gives the structure of this symmetry: shifting the delay changes not only the velocity component
but also the position component.
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What’s Wrong With Recursive Filtering?

To come full circle, we briefly return to the question of what unidentifiability implies for estimation.
A recursive estimator such as the EKF maintains uncertainty over the state and over any additional
parameters, treating them as unknown. Each measurement update adds the term H'R'H to the
information matrix, which shrinks the filter covariance. The Jacobian H must be evaluated somewhere,
and the filter has no choice but to use the current estimate X in place of the (unavailable) true value x*.
When the system is unidentifiable, this is problematic. For the SGal(1) example, the information gained
along the unobservable direction n, the nullspace vector of (19), is the scalar

nTHTRTH 0 = |[RY2H 0|, @27

At the true delay, Hg’“”)n = 0 by construction, so the update gains no information along n. Suppose
instead the filter carries a delay estimate 7 # 7 while the kinematic estimates are exact. Forming the
Jacobian at 7 and cancelling the common terms gives

(rv) /A - ’lv}(tl—T)—'lj(tl—f')-f—a(tl—T)(T—%)
Hy " (f)n = o) i — ) ! (28)

which is generically nonzero for a time-varying input. Taking 7 = 0, for example, the velocity entry
becomes a(t; — 7) — a(t1). Since the residual in (28) is nonzero, the information gain (27) is strictly
positive. The filter shrinks the covariance along n, a direction the measurement carries no information
about. Because the delay is constant (with no process noise added, typically), each update reduces the
covariance along n, with no mechanism to undo it, and the estimator becomes inconsistent. This issue
and its consequences for estimator performance are discussed by Huang in [12], for example.

Here, C is a rotation matrix, v € R? is the Galilean boost, r € R? is the spatial translation, and n € R is the
time translation. The group composition operation is matrix multiplication. The inverse of X is
C’" —-C'v -CT(r—wvp)
X't=1|o0 1 —n , (30)
0 0 1

such that XX ! = I;.
A group element may be interpreted as a transformation between inertial frames in constant relative
motion, and acts on spacetime coordinates (p, t), with p € R3, according to

(p,t)— (Cp+vit+r,t+0n).

. . T o . .
Using homogeneous coordinates [p" ¢ 1], this action can be written as

) o) C v r||p
t|—X|t]|=|0 1 n t].
1 1 0 0 1 1
For two group elements
C, ving Cy vy 1y
X1 = 0 1 mi, Xg = 0 1 n1,
0 0 1 0 0 1

their composition is
CiCy Civa+vy Cirg+vin+r;
X1X2 = 0 1 m + 2
0 0 1

The term vi1 reflects the coupling between boosts and time translations, while the terms C;v, and Ciry
reflect the action of rotations on boosts and spatial translations.

13
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5.1 The Lie Algebra sgal(3)

The Lie algebra sgal(3) consists of matrices of the form

" v
sgal(3)2{E=|0 0 (| cR>™|p,v,pcR3 1R, (31)
0 0 0

where ¢ € R? parameterizes the rotational part, v € R? the boost part, p € R? the translational part, and
¢ € R the temporal part. We overload the wedge operator as a mapping R!? — sgal(3),

A
p " v p
5A:;=00L, (32)
0O 0 O
L
where ¢ = [pT VT o L]T € R19. The corresponding vee operator is defined by
¢'=E <= E'=¢
5.2 The Exponential Map
Leté = [p" v ¢ (] T € RY. The exponential map is defined by the matrix exponential,
[e’s) 1 "
exp(€) = 3~ (¢")".
n=0
In closed form for SGal(3),
C(¢) D(¢)v D(¢)p+E(p)re
exp(")=| 0 1 L ) (33)
0 0 1
where
C(¢) =I5 +sin(¢)u" + (1 — cos(¢))u’u”, (34)
1 ¢ — sin(¢) #? + 2 cos(¢p) — 2
E(d)) = 513 + <¢2>u/\ + ( 247 u/\u/\7 (36)

and ¢ = ¢u, where ¢ = ||¢|| and u is a unit vector.

6 Aided Navigation and Identifiability

We now consider aided inertial navigation in three-dimensional space. The process model is driven by known
IMU angular-rate and specific-force measurements, both resolved in the vehicle frame. In addition to the
unknown initial condition and delay, the model includes gyroscope and accelerometer biases. For the delay-
estimation analysis, we assume these biases are constant over the relevant time window. Following our de-
velopment for SGal(1), we initially neglect gravity to keep the essential structure clear.® We then incorporate
gravity, and show that its effect on the system’s time evolution still fits naturally within the same symmetry
framework.”

6As we will see, the identifiability results carry over unchanged to the model that includes gravity.
7The Earth’s rotation is neglected, since its effect is negligible over the short time windows considered here.
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Relative to the one-dimensional case, the analysis is more involved for two reasons. First, the state and pa-
rameter spaces are higher dimensional, and the orientation must also be estimated, introducing a constrained
nonlinear state component. Second, the unknown bias terms enter the kinematics and therefore become part
of the identifiability problem. Accordingly, we ask how many measurements, and of what type, are sufficient
to determine the unknown initial condition, the delay, and the biases.

In this section, we use X for the parameter tuple, including any group-valued elements, and &’ for its local-
coordinate representation. This distinction is important for the orientation component of the initial condition.
We follow the notation from Section 4 wherever possible, since most of the same ideas and conclusions carry
over. Any changes specific to the three-dimensional setting are introduced where needed.

6.1 Aided Inertial Navigation on SGal(3)

The aided INS is driven by IMU measurements. The state is represented on SGal(3) as
X(t)=1] 0 1 t |, (37)

where C(t) € SO(3) is the orientation of the vehicle frame with respect to the fixed inertial frame, and
v(t),r(t) € R? are the velocity and position, respectively, expressed in the inertial frame. The IMU measure-
ments w,,(t) and a,,(t) are given in the vehicle frame.
The unknown parameters are
X £ (Xo, 7, by, b,),

where X, € SGal(3) is the initial condition, 7 € R is the delay, and by, b, € R?® are the gyroscope and
accelerometer biases, respectively. Without loss of generality, we take the initial time to be zero, placing Xq
in the isochronous subgroup of SGal(3), and write

CO Vo Ip
Xo=]0 1 0] eSGal(3), (38)
0o 0 1

where Cy = C(0), vo = v(0), and ry = r(0) are unknown.
Following the presentation in Section 4.1, we develop the analysis initially in the gravity-free setting; the
gravity vector is added to the model in Section 6.5. The continuous-time kinematics are

C(t) = C(t) (wm(t) — by)", (39)
v(t) = C(t)(an(t) — b,), (40)
i(t) = v(t), (41)

where ¢ = 1 by definition, and where w,,(t), a,,(t) € R? are the measured vehicle-frame angular rates and
specific forces, respectively. We define the bias-corrected angular-rate and specific-force vectors,

w(t) £ Wi (t) — by, s(t) £ a,(t) — b, (42)

so that (39) and (40) are C(t) = C(t)w(t)" and v(t) = C(t)s(t). Both w(-) and s(-) are then available directly
from the inertial measurements, assuming the biases are known.

It is worth clarifying the form of (40). An accelerometer measures specific force, the non-gravitational
force per unit mass resolved in the vehicle frame, and not the coordinate acceleration a(t) = v(t) = i(t) of the
vehicle with respect to the inertial frame. In the presence of a uniform gravitational field, the two are related
by a(t) = C(t)s(t) + g, and an additive g term would appear in (40). With g = 0, the measured specific force
is just the coordinate acceleration resolved in the vehicle frame, s(t) = C(t)"a(t), and s(-) can be treated as
a known model input.

It is convenient to express the trajectory on the group as

X(t) = Xo®(t),
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where ®(t) € SGal(3) is the state-transition matrix,

®t)=1| 0 1 t |, (43)

C(t) = C(H)w(t)", (44)
v(t) = C(t)s(t), (45)
t(t) = v(t). (46)

We now develop the measurement model, following Section 4.1. The structure carries over directly, with
the scalar kinematics replaced by their SGal(3) counterparts. The Lie algebra is now ten-dimensional, so the
time translation direction is a vector in R'? rather than R3,

€42 [01x9 1]T € R, 47)

Let
T(B3) £ exp(B&)) (48)

denote the corresponding time translation, where the wedge maps £, to the 5 x 5 matrix representation.
Under left multiplication, T(3) shifts the group time coordinate by 8 while leaving the orientation, velocity,
and position components unchanged. This is the operation used in the measurement construction below.

As in the one-dimensional case, the measured kinematics are the values at the delayed time ¢;, — 7, but the
measurement arrives at time ¢,. A left time translation T'(7) advances the group time coordinate from ¢ — 7
to t;,. Define

C(tka) v(tk—T) I‘(tka)
Yi 2 T(r)X(ty —7) = T(1) X ®(tp — 7) = 0 1 ty
0 0 1

, k=1,....,n. (49

The initial condition X retains a zero time coordinate and remains in the isochronous subgroup. Using the
propagation equations above, the delayed orientation, velocity, and position are

CkZC@k—T):Coé(tk—T), (50)
Vi :V(tk—T) :Co\v’(tk —’7')"‘v‘V()7 (51)
Tk :r(tka) :Cof‘(tka)+(tk7T)Vo+I‘0. (52)

The unknown parameters are the initial condition Xy, whose components are (Cg, vo, () as given above,
together with the delay 7 and the constant biases (b, b, ), while the functions C(-), ¥(-), and #(-) are deter-
mined by the measured IMU history together with the biases.

6.2 Identifiability

We now examine the identifiability of delayed aided navigation on SGal(3). As in the one-dimensional case,
we start by studying the constraints induced by the measurements directly. We consider three measure-
ment types: full-state measurements (position, velocity, and orientation), pose measurements (position and
orientation), and position-only measurements.

6.2.1 A Single Full-State Measurement

With a single delayed full-state measurement at time ¢1,

Y1 = T(T)X(tl — T) = T(T)Xoi’(tl — T),
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the unknown initial condition again cannot be eliminated. As in the SGal(1) case, for any admissible alterna-
tive delay T define B
Xy = T(T — ?)Xo‘i’(fl — T)q)(h - 77')717

such that B
Y, = T(?)Xoé(tl - f).

The same observation can be explained by different values of 7 together with corresponding changes in the ini-
tial condition. The delay and initial condition are therefore jointly unidentifiable from a single full-state mea-
surement. As before, the transformation of (X, 7) defines a continuous symmetry satisfying Corollary 2.4.
The biases enter only through the integrated quantities C, ¥, and ¥, which a single measurement cannot
separate from the initial condition, so they are also unidentifiable.

6.2.2 Three Pose Measurements

While two full-state measurements are generically sufficient, that case is more tedious to work through al-
gebraically. We instead move directly to the case of three delayed pose measurements (i.e., position and
orientation), which is more useful in practice and easier to treat. Let

C.=C(ty —7), rp=r(ty—7), k=1,2,3.
Using the propagation equations above, we establish identifiability by analyzing the measurement constraints

in sequence.

Step 1: Recover (7, b,) from Relative Orientations. From the orientation equation,

%

Ci = CoC(ty — 1),

so for any pair (4, j),
clc, = ¢t -7, - 1)

and the initial orientation Cj is eliminated. Using the pairs (1,2) and (2, 3) gives two independent relative
orientation constraints, giving six scalar equations in the four unknowns (7, b,). Under sufficiently informative
motion, these determine 7 and by locally.

Step 2: Recover the Initial Orientation. Once 7 and b, are known, the propagated rotation Clty —7) is
known, and the initial orientation is recovered from any single measurement:

CO = Clé(tl - 7')_1.

Step 3: Recover (vy, b,) from Position Differences. From the position equation,
rp, = Cof(ty — 7) + (tx — 7)vo + ro.
Subtracting two such equations eliminates ry:
rj—r;=Co(F(t; —7) —F(t; — 7)) + (t; — t;) vo. (53)

Once 7, by, and C, are known, the remaining unknowns in (53) are v, and b,, since the propagated quantity
¥(-) depends on b,. Using the pairs (1,2) and (2, 3) gives six scalar equations in the six unknowns (v, b,).
Under generic motion, these determine vy and b, locally.

Step 4: Recover the Initial Position. Once 7, by, Cy, vo, and b, are known, the initial position follows
from any one position measurement:

'o=1TI1 — C()f‘(tl — T) — (tl — T)Vo.

Three pose measurements are therefore generically sufficient for local identifiability.
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6.2.3 Six or More Position Measurements

Finally, we consider the case in which only delayed position measurements are available:
rp=r(ty —7), k=1,...,n.

From the position model,
ry = Cof‘(tk — ’7') + (tk —T)Vo + ro,

differencing eliminates r¢:
I'j —Ir; = CO (f‘(tj — T) — f‘(tl — T)) + (tj — ti)Vo.

After eliminating ry, the remaining unknowns are (Cy, vo, 7, by, b, ), which have total dimension 13. Each
independent position difference contributes three scalar constraints. Hence, with n position measurements,
at most 3(n — 1) independent scalar constraints can be formed. A necessary condition for local identifiability
is therefore 3(n —1) > 13, which implies n > 6. In generic terms, six position measurements are the first case
in which local identifiability is possible. We do not work through the full elimination argument here.

6.3 Measurement Jacobians and Nullspace Structure

We now revisit the SGal(3) identifiability analysis using the Jacobian of the measurement function with respect
to the unknown parameters. As in the SGal(1) case, the goal is to characterize local identifiability through
the rank and nullspace of the Jacobian. Using local coordinates for SO(3), we parameterize perturbations by

5x 2 [sr] vl 0@l or bl bl R, (54)

where 6¢pg € R? is the local perturbation of the initial orientation. We use right orientation perturbations
and right-invariant local coordinates for orientation measurement errors throughout. Making use of the
propagated quantities introduced earlier:

C(t) = CoC(t),
Cov(t) + vo,
I‘(t) = Cof‘(t) + vot + ro,

where C(t), v(t), and ¥(¢) are determined by the bias-corrected IMU history. For compactness, let
tak L4 —T.

The full-state measurement returns the position, velocity, and orientation components of Y, extracted
by the map 7 : SGal(3) — R? x R3 x SO(3),

’/T(Yk) é (I‘(tk — ’7'), V(tk — T), C(tk — T))

The position and velocity are vector-valued, while the orientation lies on SO(3). Linearizing 7(Y ) about the
operating point gives the measurement perturbation

Sy, 2 [orf ov] 697]" e R, (55)
where ér, and dv,, are the position and velocity perturbations, and 51 is the local orientation perturbation.

6.3.1 A Single Full-State Measurement

Consider a single delayed full-state measurement at time ¢;, consisting of position, velocity, and orientation.
The linearized measurement equation is
Sy, ~H" 5, (56)
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with Jacobian

Iy tails —Coi(ta1)" —v(ta1) Co®(ta1) Co®()(t41)

H =0 I, -Cy¥(ta1)" -a(ta1) Co¥(ta1) Co®(tar)]. (57)
0 0 C(td’l)T —w(td,l) ‘I’é(b)(td}l) 0

In the velocity row, the delay entry —a(t4,1 ) is the coordinate acceleration of the vehicle in the inertial reference
frame, a(t) = C(t)s(t), where s(t) is the bias-corrected specific force from (42). The orientation sensitivity
with respect to the gyroscope bias is defined through the local perturbation

3,(t) £ ()1 C,(0)

where ég(t) denotes the propagated orientation under a perturbed bias, to first order in db,. The bias
sensitivities are

O¥(t) ov(t) L 00y (t)
(") (4) & (W) (4) & @) () & 99Pg
ORI ROEE LFORES
O¥(t) av()
(M) (¢) & ) (¢) &
‘I’a (t) 8ba? ‘I’a (t) aba

The matrices above depend on the input history and the propagated trajectory, and are not available in closed
form in general.

To characterize the corresponding nullspace, set HYW) 0X = 09y1. We solve the three block rows from
bottom to top, since the orientation row involves the fewest unknowns. The three block rows give

dro + ta,16v0 — CoF(ta,1) 5o — v(ta,1)07 + Co® () (t4,1)dby + Co® Y (ty1)0be = 0541, (58)
5vo — Co¥(ta1) 6o — alty, )5T + CoT ) (tg1)0by + Co®L) (t4,1)db, = 031, (59)
C(ta,1) 0¢po — w(ta1)or + TP (t41)0by = 0. (60)

We isolate the delay direction by setting the bias perturbations to zero, éb, = db, = 0. The orientation row
(60) then gives the initial-orientation perturbation directly,

Spo = Cltaq)w(tar)or = wo(ta)or, (61)

where wq(t) £ C(t)w(t) is the angular velocity expressed in the initial-vehicle frame. With d¢, known, the
velocity row (59) gives the initial-velocity perturbation,

6vo = (Cov(tan) wo(ta,) +altar)) o, (62)

and finally the position row (58) gives the initial-position perturbation,
org = (V(td,l) —tq1 (Co\uf(th)/\wo (td,l) + a(td,l)) + Cy f‘(ﬁd)l)AwO(th)) oT. (63)
Hence, the nullspace contains the one-dimensional direction

[V(ta) — ta,1(Cov(tan) wolta) +a(tas)) + Cof(ta) wo(ta,)]
Cof’(td’l)/\WQ(th) + a(td}l)

ker( ¢)) D span “’O(Id,l) - 64)

03x1

03x1

This is the direct analogue of the SGal(1) case: a change in the delay can be compensated by corresponding
changes in the initial condition, leaving the measurement unchanged to first order.
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6.3.2 Two Full-State Measurements

We now consider the case of two full-state measurements at times ¢; and ¢,. The stacked Jacobian is

rveg
5 ~ H(rv¢) 5x H(rvd)) _ Hg ) c R18%16 (65)
Yi2 1:2 ) 1:2 H(rvc/)) ’
2
where each block H,(JW) € R9%16 has the form
I torls —Cof(tar) —v(tar) Co®{)(tax) Co¥(’(tar)
H" =10 I, —Co¥(tar)" -altar) Co®{(tar) Co®(tar)|, k=12 (66)
0 0 é(td_’k)—r 7(41(25(17]6) \I’gd)) (td,k) 0

This is the Jacobian counterpart of the direct algebraic argument: the two measurements jointly constrain
the initial condition, the delay, and the IMU biases. Unlike the single-measurement case, there are now 18
scalar constraints for 16 unknowns, so generic local identifiability is possible. In particular, if

rank(Hgfgd’)) = 16, (67)

then the initial condition, the delay, and the constant IMU biases are locally identifiable. Thus, two full-state
measurements are generically sufficient for local identifiability in the SGal(3) aided navigation problem.

6.3.3 Two Pose Measurements

The two-pose case clarifies how the delay-related nullspace direction is constrained by multiple measure-
ments. The stacked Jacobian is

HY¢)

c R12 X 167 (68)
Hg”¢)

Syen ~ HUP ox, HIP [

where each block H,(J‘b) € R6%16 hag the form

I tarls —Coi(tar)" —vltar) Co®(tar) Co®l (tyy)

H® _ - g . k=1,2.  (69)
k 0 0 C(thc)T 7w(td7k) \I/é¢) (td,k) 0
To characterize the corresponding nullspace, set HY;’ ) 5x = 012x1. The two block rows give, for k =1, 2,

org + td,kdvo — Cof‘(td7k)/\5¢o — V(td,k)(ST + Cyp ‘I’y) (td,k)(Sbg + Cy \Il((lr) (td,k)dba = 0341, (70)
é(td’k)T(Sd)o — w(td’k)(ST + ‘I’gb)(td’k)ébg = 03><1. (71)

As before, we consider only the case where the gyroscope and accelerometer bias perturbations are zero.
Then (71) reduces to

v

dpo = Cltar)w(tar)oT = wo(tar)or, k=12, (72)

where, again, wo(t) £ C(t)w(t) is the angular velocity expressed in the initial-vehicle frame. For a nonzero

delay perturbation to remain in the nullspace, these two expressions must agree, so
wo(tg1) = woltaz2)- (73)

Under this condition,
(5(250 = Wy (td,1)(57'. (74)

Next, subtracting (70) for £k = 1 and k = 2 eliminates dry and gives

(tQ — tl)(SVo — CQ (f‘(tdﬁg)/\ — f‘(td,l)/\>5¢0 — (V(td_yg) — v(td,l))(;T = 03><1. (75)
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Substituting (74) yields

ovg =d, 0T, (76)
where )
d, 2 Co(¥(ta2)" = ¥(tan)" )woltan) + (v{tas) = V{ta1)). (77)
t2 — tl t2 —u
Finally, substituting (74) and (76) into (70) at k = 1 gives
org =d, 0T, (78)
where
d, £ —tg1d, + Co¥(ta1) wolta1) + v(ta)- (79)
Therefore, when (73) holds,
d,
d,
ker(H(lff)> D span wo(fd’l) . (80)
03x1
O3x1

This is the same basic situation seen in the SGal(1) case: a change in the delay can be absorbed by corre-
sponding changes in the initial condition, with the biases held fixed. In three dimensions, the compensation
also includes an orientation perturbation, and this nullspace direction exists only when the angular velocities
at the two delayed measurement times, expressed in the initial-vehicle frame, are equal.

6.4 Uninformative Trajectories

Identifiability of the delay (and the initial condition) depends not only on the number of measurements, but
also on whether the input is sufficiently exciting. As in the one-dimensional case, there exist trajectories for
which the delay and initial condition cannot be uniquely determined, regardless of the number or type of
measurements. We again refer to such trajectories as uninformative.

The relevant class of uninformative trajectories is characterized by motion that, over the delayed interval,
is generated by a constant Lie algebra element. We hold the biases fixed to isolate the delay—initial-condition
symmetry, working directly with the resulting trajectory. Suppose that the bias-corrected angular velocity
and specific force are constant,

w(t) = wo, s(t)=so, 81

for wy,sp € R3.2 In this case, the state-transition matrix ®(t) is generated by the exponential map of a fixed
Lie algebra element. Because ®(0) = I5, the generator is not arbitrary: it must be chosen to match the zero
initial conditions built into ®(¢). Specifically,

wy sp O
o(t)=exp(t€)), & =10 0 1]. (82)
0O 0 O
It follows that
®(ty, —7)B(ty —7)" ' =exp((T —7)&2), (83)

which is independent of .
Returning to the measurement model, the same transformation used in the single-measurement analysis
therefore applies simultaneously to all measurements. Define

XO = T(T—’T’)qu)(’?—’r), (84)

8Under constant vehicle-frame angular velocity, the initial-frame rate wq(¢) = C(¢)wo of Section 6.3 reduces to the constant w, since
the rotation is about its own axis.
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where the left time translation keeps Xy in the isochronous subgroup. Then, for all measurement times ty,
Y, =T(1)Xo®(ty — 7) = T(F) Xo®(tp — 7). (85)

The entire measurement set can therefore be explained by a different value of  together with a corresponding
change in the initial condition.
To connect this with Section 2.2, consider the parameter tuple

X £ (Xo, T).
For each a € (—¢, €) with ¢ > 0 sufficiently small, define a transformation S,, on this parameter tuple by
So: (Xo,7) (T(—a)Xo'ﬁ(a), T+ a),

where the leading time translation keeps the transformed initial condition in the isochronous subgroup. For
motions of the form considered here, the parameter tuples (Xo,7) and S, ((Xo, 7)) generate the same mea-
surement history for all sufficiently small a. Therefore, Corollary 2.4 applies (and likewise Theorem 2.3),
and local identifiability fails.

6.5 Dealing With Gravity

As a final step, we add gravity to the aided navigation model from Section 6.1. The inclusion of gravity does

not alter the conclusions of Section 6.2: the measurement requirements are unchanged, and the excitation

requirements, expressed in terms of the bias-corrected inputs, are identical. What changes is the shape of the

uninformative trajectories, through a known, gravity-dependent factor in the trajectory and in the symmetry.
The continuous-time kinematics are now

C(t) = C(t)(wm(t) — by)", (86)
v(t) = C(t)(am(t) — ba) + g, (87)
P(t) = v(t). (88)

The measured specific force a,, (¢) is unchanged, but its relation to the coordinate acceleration is now a(t) =
C(t)s(t) + g. The propagated terms C(t), v(t), and () satisfy the same equations, (44) to (46), and are
still determined by the bias-corrected IMU history. However, v(¢) and ¥(¢) now incorporate an integrated
component opposite g, which is added back to give the trajectory,

V(t) = Co\u/'(t) “+ vg + tg,
r(t) = CoF(t) +tvo + 1o + 5t°g.

These additive terms are generated by a single element of the Lie algebra. Define the gravity generator
T

£,2[01x3 8" 01xs 1] €R', (89)

with the gravity vector in the boost slot, and let
. I, fg 3P3%g

W(B) £exp(Bgy)= |0 1 5 (90)
0 O 1
denote the corresponding one-parameter subgroup, where the closed form follows from (33) with ¢ = 0. As

in the SGal(1) case, the quadratic position term reflects the boost-time bracket [B, K] = P. The contribution
of gravity to the trajectory over the interval [0, ¢] is then the product of the two one-parameter subgroups,

I; tg —3t’g
GH)2EWHT(-t)= [0 1 0o |, (91)
0 0 1
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which lies in the isochronous subgroup.® The trajectory is then
X(t) = G(t)Xo®(t), (92)

where X, is isochronous and ®(¢) is the usual state-transition matrix, which contributes the group time
coordinate of X().
The delayed measurement model follows that in (49), but with gravity now included,

Y, 2 T(1)X(ty, —7) = T(1)G(ty — 7) Xo®(tp — 7), (93)
and has components

C(tk - T) = C(]C(tk - T),

vty = 7) = CoV(tk — 7) + vo + (tx — T)8,

r(ty — 7) = Cok(ty — 7) + (ts — T)vo + 10 + 3 (tx — 7)°8,
with group time coordinate ¢y.

The measurement Jacobian retains the form of (57). Gravity affects only the delay column: the entries
v(tq) and a(tq ;) now include the contributions ¢4, g and g, respectively, since a(t) = C(t)s(t) + g. Because
the parameter dependence of the Jacobian is identical, the measurement-count and rank analysis conclusions
of Section 6.2 carry over without any changes.

Finally, we revisit the class of uninformative trajectories. Assume, as in Section 6.4, that the bias-corrected
angular velocity and specific force are constant, w(t) = wq and s(t) = so, so that ®(t) = exp(t£)) with
constant generator £.. For « near zero, define

X 2 T(—a)G()Xo®(a), T27+a. (%4)

The transformed initial condition is isochronous, since the time components of T'(—«) and ®(«) cancel out.
Multiplying out the factors gives the composition identity

T(0)G(u) T(~a)G(a) = G(u + a), (95)
and hence, withu =t, — 7 — «,

Y, = T(7)G(u) Xo®(u)
= T(7) [T(e) G(u) T(~a) G(a) | X (cr) B (u)
= T(T)G(tk - T)XO(I)(tk - T) = Yk,
so the delayed measurement history is unchanged and the delay and initial condition remain jointly uniden-
tifiable. The symmetry differs from the gravity-free case of Section 6.4 only by the known factor G(«), which

accounts for the contribution of gravity over the shifted interval. In fact, the combined left factor is itself a
one-parameter subgroup,

T(-)G(a) = exp(ag)-), & 2[01xs g" Oz -1, (96)

so gravity enters the symmetry only through the boost slot of the left generator.'® Setting g = 0 gives back
—£, and the gravity-free result.

7 Conclusion

In this report, we studied delay identifiability in aided inertial navigation using the special Galilean group.
We showed that identifiability depends on both the available measurements and the form of the trajectory,

?Note that G(t) is not itself a one-parameter subgroup.
10The same group element appears as the gravity factor in equivariant IMU preintegration [14].
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Which Trajectories Are Uninformative?

Several familiar trajectory shapes turn out to be uninformative. Each is generated by a constant pair
(wo,sp) of bias-corrected inputs; a few concrete cases are listed below.

* Ballistic motion, produced by zero specific force and constant (possibly zero) vehicle-frame angular
velocity. The vehicle is in free fall, tumbling at a constant rate, and the trajectory is a parabola.

* Constant-thrust motion, produced by zero angular velocity and constant nonzero specific force.
The coordinate acceleration is constant, and the trajectory is in general a parabolic arc.

* Circular or helical motion, produced by constant vehicle-frame angular velocity and constant spe-
cific force. A coordinated turn at constant bank angle is an example.

* General curvilinear motion, produced by any other constant pair (wg, sg). The vehicle rotates at a
constant rate while the vehicle-frame velocity varies, giving a curved path.

What unifies these cases is not any particular geometry but the input condition: the bias-corrected an-
gular velocity and specific force are constant over the observation window, so the delayed measurement
history cannot distinguish a shift of the delay from a compensating shift of the initial condition.

characterizing when the delay and initial condition can be recovered from full-state, pose, and position-only
measurements. The same conclusions follow from a direct constraint-based analysis and from a Jacobian-
based analysis. Gravity fits naturally within the framework also: it enters the trajectory, and the symmetry,
through a known group factor, leaving the measurement and excitation requirements unchanged.

A central theme throughout is that identifiability depends not only on the number and type of measure-
ments, but also on the motion itself. This dependence leads to a characterization of uninformative trajectories
in terms of symmetry. When the bias-corrected inputs are constant, the state-transition matrix traces a one-
parameter subgroup of the special Galilean group, and shifts in the delay can be absorbed into corresponding
changes in the initial condition without altering the measurement history. The use of Lie algebra generators
to characterize uninformative trajectories on the special Galilean group is, to our knowledge, new.

Appendix A Revision History

A rough list of revisions to the report follows.

e Revision 1.01, 2026-02-03 — Initial release.

* Revision 1.02, 2026-02-15 — Added further details on continuous symmetries.

* Revision 1.03, 2026-03-19 — Split SGal(3) analysis into component form (position, orientation, etc.).
* Revision 1.04, 2026-03-30 — Updated SGal(3) results to include six position measurements.

* Revision 1.05, 2026-04-22 — Added short SGal(1) filtering discussion.

* Revision 1.06, 2026-05-20 — Reformatted SGal(3) Jacobians.

* Revision 1.07, 2026-05-30 — Fixed various typos throughout.

* Revision 1.08, 2026-06-29 — Clarified (corrected) gravity-free model in Section 6.1.

* Revision 1.09, 2026-07-01 — Fixed commentary on uninformative trajectories.

* Revision 1.10, 2026-07-12 — Added treatment of gravity (as part of the symmetry) in Section 6.5.
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